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INTRODUCTION
In recent years normal mode theory has become more widely used and accepted as a tool for structural design and analysis. While the theory has been presented for unidirectional motion by earlier works, including NRL reports (1-3), it was feit necessary to extend the theory to structures undergoing translational motion in three dimensions. While no claim is made to originality of the essential contents of the report, many steps are included which often are not published in works dealing with the subject.
The priuary concern of this report is to find the motions and inertia forces for calculating stresses of undamped linear elastic structures which are idealized as lumped parameter systems capable of undergoing translational motion in three directions. The derivation of the equations is deliberately limited in the use of mathematical methods to those which are no more complex than necessary. While this report is self-contained, Ref. 3 is especially recommended as reading material to precede this report. Figure 1 shows the orientation of mass "■; with relation to the possible motions oi the base of the structure. The x axes, which describe the absolute motion of a mass, are parallel to the z axes, associated with base motions. Note that the origin of the z axes is not located / -[ --7 .''(LONGITUDINAL! at a particular point; hence no loss of generality is made if the 1, 2, and 3 directions refer respectively to the longitudinal, vertical, and athwartshipsdirec-Z'IATMWARTSHIPSI tions of a ship. It is assumed that n, is a point mass with no rotational inertia Fi^. 1 -Orientation of mass m, with and that there are n mass points reprerelation to the orientation of a ship SCnting the Structure.
^or the case of three-directional motion
Representation of Displacements and Forces
The general rule of notation for displacements and forces is as follows:
A subscript refers to the mass point and the superscript refers to the direction of the displacement or force. For example, x r represents the absolute displacement of n in the rth direction; F^ represents the force applied at m, in the s direction. Note that
n while r, s 1.
3-
Raising a Quantity to a Power
The general rule of notation for raising a quantity to a power is as follows: Always place the quantity inside brackets before raising to the power. F"or example, to square . a the rule requires ( a ) 2 .
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Influence Coefficients
The influence coefficient ?[' reads as follows: The deflection at i in the rth direction due to a unit force at j in the s direction. Thus, if a static force F.* is applied to a linear elastic structure which is attached to an immovable base, the deflection due to distortion of any point j on the structure in direction r is given by the relationship I -X j = LS.^F, .
For applied forces at each mass point of the structure, this becomes Appendix A shows the influence coefficient written out in the form to be used for finding natural frequencies and normal mode shapes by the iteration method (4).
For linear elastic structures. Maxwell's law of reciprocal deflections (5) holds, namely, 5" = 8"f.
FREE VIBRATIONS
Normal Modes
Assume that a weightless structure attached to a fixed base is carrying a set of n concentrated masses which are attached at the n points i. Consider its free vibrations, that is, the possible motions in the absence of external forces. This is done by D'Alembert's principle, which states that a system in motion can be considered to be in Those systems which have a pair or more of equal roots are called degenerate systems. Other techniques for solving such a set of equations treat them as an eigenvalueeigenvector problem, which is a characteristic value problem with latent roots. For the degenerate systems, back substitution in Eq. (5) does not produce the set of mode shapes. Other techniques such as matrix deflation or special forms of adjoint matrices can be used. It is assumed that these mode shapes can be found in order to proceed.
Orthogonality of the Normal Modes
To establish the orthogonality of the normal mode shapes, multiply both sides of Eq. (5) by m. Xj',, and sum on j and r. This gives 
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Note that these orthogonality relationships include a double summation, that to, the usual summation of all mass points as experienced *JI the unidirectional system and the additional summation over the three possible directions of motion.
Type of Normal Mode Solution
The distortion of the structure is completely described if the set of x/'s is found. Let the time mode response at point i be x r . The total response x/ can be found by superposition, that is, X; = I X : .. 
RESPONSE TO AN APPLIED FORCE
Consider a structure which rests on an immovable base, and suppose a force F k r , applied to m h , is time dependent but independent of structural reaction. Using D'Alembert's principle and influence coefficients, the distortion of the structure is described by the 3n equations 
Since each component of F k * is independent, that is, the magnitudes F,, 1 , F k 2 , and F k 3 are separate and independent of each other, an expansion in s on each side of the equation leads to Z-r^i-
Therefore,
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Equation (25) is in the form of the equation of motion for a single-degree-of-freedom system, thus having separated each normal mode. The particular solution is written by sight, using the Duhamel integral form for the single-degree-of-freedom system. Thus
The desired solution is then
If more than one force is applied at different points throughout the structure at the same time, say d points, superposition is used to solve the problem. Since the derivation assumed the force to be applied at m k , sum the d applied forces. In this case the particular solution is 
RESPONSE TO BASE MOTION
Suppose a structure initially at rest is attached to some base. Assume that this undergoes a translational motion Z r ( t) which is a known time-dependent function.
Consider the equations of an elastically distorted structure:
Using D'Alembert's principle, this becomes
Since %.* = x/ -Z r , Eq. (28) is written
x/ --L ^; mj (x; + r)
where Xj represents the components of relative acceleration. Let Thus, if the step change in base velocity occurs only in the 1 direction, Eq. (38) becomes
At t o, the absolute velocity of each mass is zero, so that the velocity relative to the base is -7-c *. Therefore,
Similar expressions can be obtained for a step change in base velocity in the 2 and 3 directions. The general equations which result are
Define as the participation factor In order to calculate for stress, it is convenient to determine the inertia loadings that the masses apply to the structure. It has been shown that each normal mode acts as a single-degree-of-froedom system with certain characteristics. If the absolute acceleration of each mass point m. is found, the inertia forces can be added to the structure as a loading by D'Alembert's principle. The structure is therefore loaded in mode a by a force system of the form
where
This force system described by Eq. (46) may be used to calculate stresses in the structure for each mode. The structure is therefore loaded in mode a by a force system of the form This force system described by Eq. (47) may be used to calculate stresses in the structure for each mode in the case of many applied forces.
Base Motion
Consider the equation of motion in one direction for a single-degree -of-freedom system subject only to base motion in that direction:
The absolute acceleration is therefore
In an analogous manner, the absolute acceleration in mode a for the type of structure under investigation is and the inertia forces are 
EFFECTIVE MASS WITH BASE MOTION
To determine the effective mass present in a given mode of vibration for a structure subject to base motion, consider the net effective force in mode a at n^ : The latter two terms, namely M^1 and M^1, might be called the cross-mass terms. It can be shown that 
Equation (55) indicates that the sum of all the effective masses acting in the r direction due to motion in the r direction for the total number of modes is equal to the total mass of the actual structure. Since M" is always a positive quantity, a calculation of the amount of mass remaining in the higher modes can be made after the lower modes have been found.
SUMMARY
The essential relationships have been derived for studying translational motion of three-directional lumped parameter systems based on normal mode theory. The approach used to develop these expressions is an extension of an earlier report (3) on unidirectional normal mode theory. Appendix B summarizes the equations of normal mode theory for the case of each mass having six directions of motion, that is, three translational directions and three rotational directions.
Appendix A
MATRIX FORM OF LUMPED PARAMETER SYSTEMS
The relationship between normal mode shapes and fixed base natural frequencies is
The mode shapes in each of the three directions of motion are related as follows: 
This expression written out in its entirety is as follows on the next page. • -£ w -* «*• « .
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2.
Each mass has dimensions, so that it has rotational inertia.
3. Figure Bl shows the orientation of the ship by the primed coordinates (fixed axes) and the axes of orientation for mass m i of the structure (moving axes). In addition to the usual translational motions given by the 1, 2, and 3 axes, the 4, 5, and 6 directions represent the angular motions about each axis, respectively. Thus, x/, x/, and x^ are the components of translational motion of mj, while x*, X?, and X* are the components of rotational motion of m.. 8. The principle of angular momentum states that the rate of change of the angular momentum of a body rotating about a fixed point is equal to the moment of all forces acting on the body with respect to the same point. After taking into account the rate of change of the angular momenta with respect to the 1, 2, and 3 axes and the fact that the 1, 2, and 3 axes are also rotating about a fixed point, the following equations result: 10. For small oscillations assume that the terms containing the product of the t''s are small compared with the other terms in Eq. (B4) < , so that where, for example, l i is the moment of inertia of m i in the 4 direction (or about the 1 axis) and x. 4 is the angular acceleration of m i in the 4 direction. Equations (B5) represent the relationships between the inertia torques and the applied torques for equilibrium about a fixed point. These inertia torques along with the inertia forces will be used for the free vibration problem of the structure under investigation. 12. It is assumed that the change in geometry of the structure is small during its dynamic response under the action of external forces and torques. This means that the influence coefficients calculated for statical loads on the structure with respect to the principal axes of each mass are used to find the dynamic motions while the axes are permitted to translate and rotate with each mass.
13. Define the direction cosine between the r axis and r' axis at m i as , rr' ^ j -cos^r, r') .
Assume that during the structure's dynamic response the direction cosines remain constant.
NORMAL MODE EQUATIONS
The equations of motion for the free vibrations of the assumed structure are written using D'Alembert's principle and treating the inertia forces and torques as the applied loads. where z 0 , z 0 , and z 0 represent the amplitudes of the base translational velocity in the 1', 2', and 3' directions, respectively. The six components of velocity defined by Eq. (B15) are now treated as two separate groups, namely, the three translational components and the three rotational components.
The translational components of velocity response are treated first. At t = o, the absolute translational velocity of each mass is zero. To find the initial relative translational velocity of each mass with respect to the base motion, transform the base motion into the direction of the principal axes of each mass as follows:
Substitute Eq. (B16) into the left side of Eq. (B15) for t = o:
Since the components of the base velocity are independent of each other, it follows that In the case of rotational motion, the rotation of the base is zero, so that the initial relative rotational velocity of each mass is also zero; that is, X/CO) = x/fO) = 0. rM, 5,6. (B21) 
. k s 1
using Eq. (B19).
STRESS CALCULATIONS
To calculate stresses in the structure, apply the net effective forces and torques at each mass point for each normal mode of vibration. With these loads acting in each mode, the stresses can be calculated for each mode throughout the structure, and the final stresses are obtained by superposing over the modes. This approach is the same as followed earlier in the case of translational motion in three directions only. The net effect of forces and torques for special cases are summarized as follows.
Single Applied Force and Torque at m. As in the case of three-directional motion, the total mass acting over the modes in the r' direction due to a base motion in the r' direction equals the total mass of the structure, while the summation of the cross-mass terms equals zero.
The torques due to translational base motion are now treated. It is necessary to introduce new notation for the angular acceleration and the moment of inertia. In addition, matrix notation will be used in transforming the torques from the principal axes of each mass to the ship's orientation.
For angular acceleration, let
This is necessary since direction cosines are used which refer to the 1, 2, and 3 axes and the 1', 2', and 3' axes. Likewise, Nj ! , N*, and Nj 3 now represent the torques at about the 1, 2, and 3 axes, respectively.
The direction cosines are written in matrix form as follows:
♦Herbert Goldstein, "Classical Mechanics," CambridgeiAddison-Wesley, p. 98, 1950. The transformation of the torques due to base transiational motion can now be made as follows: 
In general, the equation for the primed system relating the torque with the inertia terms and angular acceleration is fRubert L. Halfman, "Dynamics," Vol. I, F. 
